ON LOGARITHMIC DERIVATIVES OF ZETA FUNCTIONS
IN FAMILIES OF GLOBAL FIELDS

PHILIPPE LEBACQUE AND ALEXEY ZYKIN

ABSTRACT. We prove a formula for the limit of logarithmic derivatives
of zeta functions in families of global fields with an explicit error term.
This can be regarded as a rather far reaching generalization of the ex-
plicit Brauer—Siegel theorem both for number fields and function fields.

1. INTRODUCTION

The goal of this paper is to prove a formula for the limit of logarithmic
derivatives of zeta functions in families of global fields (assuming GRH in
the number field case) with an explicit error term. This result is close in
spirit both to the explicit Brauer—Siegel and Mertens theorems from [Leb] as
well as to the generalized Brauer—Siegel type theorems from [Zyk]. We also
improve the error term in the explicit Brauer—Siegel theorem from [Leb],
allowing its dependence on the family of global fields under consideration.

Throughout the paper the constants involved in O and < are absolute
and effective (and, in fact, not very large). Let K be a global field that
is a finite extension of Q or a finite extension of F,(¢), in the latter case
K = F,.(X) for a smooth absolutely irreducible projective curve over F,,
where F, is the finite field with r elements. We will often use the acronyms
NF or FF for the statements proven in the number field and the function
field cases respectively. We shall often omit the index K in our notation in
cases when it creates no confusion.

For a number field K let nx and Dy denote its degree and its discriminant
respectively. Let gx be the genus of a function field, that is the genus of
the corresponding smooth projective curve and let gx = log+/|Dk/| in the
number field case. Let P(K) be the set of (finite) places of K and let
P, = ¢,(K) be the number of places of norm ¢ in K, i. e. &, = |{p €
P(K)|Np = ¢}|. In the number field case we denote by Pg = r; and O¢ = 79
the number of real and complex places of K respectively.

Recall that the zeta function of a global field K is defined as

Gels) = [J1 =",

q
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where the product runs over all prime powers q. We denote by Zg(s) =

- —égglfglq its logarithmic derivative. One knows that (x(s) can be an-

q
alytically continued to the whole complex plane and satisfies a functional
equation relating (x(s) and (x(1 — s). Furthermore, in the function field
case (x(s) is a rational function of ¢ = r~*. Moreover,

[T(mst — 1)(mst — 1)

j=1

and |m;| = v/r (the Riemann hypothesis). For the rest of the paper we will
assume that the Generalized Riemann Hypothesis is true for zeta functions
of number fields, that is all the non-trivial zeroes of (x(s) are on the line
Res = 1.

Here are our first main results:

Theorem 1 (FF). For any function field K, any integer N > 10 and any
€ = €9 + i€; such that ¢ = Ree > 0 we have:

N
fP,r 1 1 1 JK 1
A . —_— = 1+ —
Z 7«(%+6)f -1 * log r K 2 te)t r*%“ -1 reolN * €0

f=1

Theorem 2 (NF, GRH). For a number field K, an integer N > 10 and
any € = €g + 1€y such that e¢g = Ree > 0 we have:

®,logq 1 r
ZT1+ZK(§+€)+€_1_

q<N qz - 2

4 2
=0 (—'6’ —: d (g —|—nlogN)—10g N) + 0 (W) :
€ Neo

Let us explain a little bit the meaning of these theorems. It was known
before (see [Zyk] and also below) that the identities (without the error
terms) of the theorems are true in the asymptotic sense (when N = oo and
g = oo for families of global fields). Our theorems give the "finite level”
versions of these results. They allow to estimate how well the cutoffs of
the series for Zk(s) approximate it away from the domain of convergence
of this series (which is Res > 1) when we vary K.

We give the proof of these theorems in sections 2 and 3 respectively. Both
proofs are based on the Weil explicit formula. However, in the number field
case the analytical difficulties are rather considerable, so the explicit formula
has to be applied three times with different choices of test functions. We
note that, as indicated in the remarks in the corresponding sections, in both
cases we obtain the new proofs of the basic inequalities from [T'sf92] and
[TV02].
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Our next results concern families of global fields { K;} with growing genus
g = g(K;). Recall ([TV97],[TV02]) that a family of global fields is called
asymptotically exact if the limits

D, (K;)

9i
exist for each o which is a power of r in the function field case and each
prime power and o = R and o = C in the number field case. The numbers
¢ are called the Tsfasman—Vladut invariants of the family { K;}. From now

on we assume that all our families are asymptotically exact.
We introduce the limit zeta function of a family {K;} as

Curey(s) = [ —a7)7%.

q

= ¢a({Kz}) = }i}r&

We will also denote by Z,1(s) = Z 1084 jts Jogarithmic derivative. It

follows from the basic inequality (cf. [Tsf92] and [TV02] or sections 2 and
3 of this paper) that both the product and the sum converge absolutely for
Res > % and thus define analytic functions for Re s > %

Let us first formulate a corollary of theorems 1 and 2.

Corollary 1. For an asymptotically exact family of global fields {K;}, an
integer N > 10 and any € = €y + i€; such that ¢ = Ree > 0 the following
holds:

(1) in the function field case:

N
fo,r 1 1 1 1
AT RN B =0 14+ — ;
fz::l rGrof _q + log r i\ 9 te reolN * €0 ’

(2) in the number field case with the assumption of GRH:

Pqlogq logq 1 B (le]* + le]) log® N
Z {i} §+6 =0 E8]\/’60 )

L ¢
q<N q2

This corollary, in particular, implies the convergence of the logarithmic
derivatives of zeta functions of global fields to the logarithmic derivative of
the limit zeta function for Res > 1. This result (without an explicit error
term but with a much easier proof) has been recently obtained in [Zyk].

Our next result concerns the behaviour of Zx,1(s) at s = %

Theorem 3. For an asymptotically exact family of global fields {K;} there
exists a number 6 > 0 depending on {K;} such that:

(1) in the function field case:

f(brf 1 1 —6NY.
; : +logr'Z{Ki} 2 = 00);
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(2) in the number field case, assuming GRH, we have:

Z ¢q logq Zixh (%) — O(N7Y).

q<N

Let us formulate a corollary of this result which, in a sense, improves the
explicit Brauer—Siegel theorem from [Leb]. We denote by sk, = Res Ck, ()

lo
8 K, One knows

the residue of (k,(s) at s = 1. We let kK = Kg,; = lim

1—00 g

([TV97] and [TV02]) that for an asymptotically exact family this limit exists
and equals log ((x,;(1) (we assume GRH in the number field case). In fact,
in the number field case it can be seen as a generalization of the classical
Brauer—Siegel theorem (cf. [Lan94]).

Corollary 2. For an asymptotically exact family of global fields { K;} there
exists a number 6 > 0 depending on {K;} such that:

(1) in the function field case:
”
¢rs log :/<o+0(—);
fz:: rf—1 T,(%M)NN
(2) assuming GRH, in the number field case:

1
lo =rk+0 (—> :
q;v% ¢ N2t log N

We prove theorem 3 and both of the corollaries 1 and 2 in the section 4.

Acknowledgements. We would like to thank Jean-Francois Burnol for his
more than significant help with the estimates of the sums over zeroes of zeta
functions. We also want to thank Emmanuel Royer for his corrections and
useful remarks.

2. PROOF OF THEOREM 1

We will use the following analogue of Weil explicit formula for zeta func-
tions of function fields, see [Ser85] or [LT] (in the case of varieties over finite
fields) for a proof.

o0
Theorem 4. For a sequence v = (v,) such that Y v,r? is convergent,
n=1

oo
the series Y v,r~2 Y. m®,m is also convergent and one has the following
n=1 mln

equality:

Zvnr22fq>rf—¢v (r'2) + o (r) i( ( )w(%))

fin Jj=1
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where the 7j,7; are the inverse roots of the numerator of the zeta function

Of Ka 9 =9k and wv(t) - Z Untn-
n=1

Let us take the test sequence v, = v,(N) = == if n < N and 0 other-

wise. Introducing it in the explicit formulae, we get So(IV,€) = S1(N,¢€) +
So(N,€) — S3(N,€), where

r n(%+6) Z fq)rfa

n=1 fln

Si(N.e) =3 (59,

n=1

So(N,e) =3 w3t

ZZT (77 + 7).

j=1 n=1

Mz

S()(N, 6)

=

=

n

s}

Let us estimate each of the S;.

Calculation of Sy: Let us first change the summation order in Sy:

N [N/f]

SO(Nae):Z —Tl +€ qu)rf_z.fq)rfz%
n=1 fln = ’
Now
Ro(N,e) = Z [P ——— o — So(N,€)
f=1 T 5 -1
N [N/f]
= Z G Z ro
f=1 T

= Zf(brf Z poim(z+e).
=1 me(N/ A

Taking the absolute values, we can assume that € is real. Summing the
geometric series, we obtain

N
0<Zf<1>rf - — Sy(N, €) ngcpfr (3+e) N/ 111
f=1

(3+e)f _q p3ta)f _ 1

We now use the Weil inequality f®,; < r/ +1 + 2g\/r_f , and split the
above sum into two parts in the following way. For f > [N/2] we have
[N/f] =1 and for f < [N/2] we use the inequality f[N/f] > N — f.



6 PHILIPPE LEBACQUE AND ALEXEY ZYKIN

N 1+7+ 29\/_
|Ro(N,€)| < Zl i ;<+e )N/ (r(2+e)f> 1)

(N/2] (e ~fe N (3-¢)f —fe
2 2 2
R
=1 F>IN/2] roie
8 (N/2] ; (1420
< rf +2gr7)+8 r2ef 4 9 gp(at2)f
9 ;( grz)+8 Y ( g )
= f>[N/2]
- 8 rztl —op 5 rits —pa 8N
S NG\ rm1 THTIT ) T
16gr— 1N
1—r272

64 N 1 128 ~n l+e¢
< N 2gr 4+—r6—1+1 §T6N gr-+ + )
Calculation of 5;:

(3-e0)N _ 4
0 <[S1(V,e)] < rae0 R < 4pN/2,

1
rz2— —1

since the function t +— ¢ - T_l is a continuous and increasing.

Calculation of Sy:

1 _r—(%-f—eo)N

Calculation of Ss:

R3(N,e) = S3(N,¢€) —

()=
N
S\»—t
+
e
+
<
S
S
|
N——

J=1

>3 (F

j=1 n=N+1

L) ()

The absolute value of the right hand side can be bounded using the fact

E E 7]' "
r +e 7“7 “+€

7j=1 n=N+1

|R3N€|—
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From the expression (1) of (x(s) as rational function in ¢ = r=° we can
easily deduce the following formula for its logarithmic derivative:

L, (1 1 1 +Zg T T
—_ € —_— — —_ .
log r K\ 2 pate 1 prate 1 4 rate —q,  pate_ T

7j=1 J

Putting it all together we get the statement of the theorem. O

Remark 1. Using our theorem we can easily reprove the basic inequality
from [TV97]. We take a real € < i, and remark that

S\ i
as 142 2
. — +2e _
i Ty o Ty f1=— r |ZT| >
ratt—my et -y (r2e = m)(rzte — 7;)

Now, from the theorem we get that

N

Z J Py ( g ) N
- = < .

F=1 rGtaf 1~ g+0 ereN +00r)

We divide by ¢ and first let ¢ — oo (varying K), after that we let N — oo
and finally we take the limit when ¢ — 0. In doing so we obtain the basic
inequality from [Tsf92]:

i J;¢“ <1

Remark 2. Using the explicit formulae due to Lachaud and Tsfasman, one
can deal with the case of asymptotically good families of smooth projective
absolutely irreducible algebraic varieties over finite fields.

3. PROOF OF THEOREM 2

Our starting point will be the Weil explicit formula, the proof of which
can be found in [Poi] or in [Lan94, chap. XVII] (with slightly more general
conditions on the test functions).

Consider the class (W) of even real valued functions, satisfying the fol-
lowing conditions:

(1) there exists € > 0 such that [ F(z)ea%97 dz is convergent in the
sense of Cauchy;

(2) there exists € > 0 such that F(z)e(zt9% has bounded variation;

(3) w has bounded variation;

_ F(z—0)+F(z+0)

(4) for any x we have F(x) 5 :
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For such a function F we define
+oo

@) 6(s) = / Fa)et5 dg.
The Weil explicit formula for Dedekind zeta functions of number fields
can be stated as follows:

Theorem 5 (Weil). Let K be a number field. Let F' belong to the class
(W) and let ¢(s) be defined by (2). Then the sum >, ¢(p), where p

|Im p|<T
runs through the non-trivial zeroes of the Dedekind zeta-function of K, is

convergent when T — oo and the limit Y ¢(p) is given by:
p

Z¢(P) = F(0) <29 —n(y +log8r) — rlg) + 4/000 F(z)ch (g)
oy /OOO e /OOO T dx_Q% l(iplépF(m log Np),

2ch(3) 25h(3)

where the last sum is taken over all prime ideals p in K and all integers
m > 1.

First of all, we remark that, if we have a complex valued function F'(z)
with both real and imaginary parts Fy(x) and Fj(x) being even and lying
in (W), we can apply (3) separately to Fy(z) and Fj(x). Thus the explicit
formula, being linear in the test function, is also applicable to the initial
complex valued function F(z).

We apply the explicit formula to the function defined by

eelif |z| < log(NV + 1),
0 if |z| > log(N + 3)

(here N + % is take to avoid counting some of the terms with the factor %)
Next, we estimate each of the terms in (3).

3.1. The sum over the primes.

> 1Ogl\HGFNE(mlogNIO) = ) Joelp_

Lieym
p,m Np Npm<N Np(2+ )
= E log Np g
Np<N Np +€ _ Np<N >110g1év Np +e
og Np

We have to estimate the sum:

Z IOng Z Np +em

Np<N m>1lc?gg1\]1\;
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Taking the absolute values, we can assume that € is real. Calculating the
remainder term of the geometric series, we get:

AN < (@+vE) Y — ol

Np<N Np'2 sl 1+
(for (1 —Np~'/27)71 < (1 -2712)71 < V2(1+V2)).

Let us split the sum into two parts according as whether Np > /N or
not. Taking into account that log Np[log N/log Np] > log N — log Np for

log Np < [log /Np], we obtain:

AN <@+ve) | Y etk Ly~ el

elogN(%+e) Np(1+26)
Np<v'N VN<Np<N
Write
log Np
AN = >, T
Np<v'N € ’
log Np
Ao(N,€) = Z Np(1+20)°
VN<Np<N
For A;(N,€) we have:
AN,
Np<f

The last sum can be estimated with the help of Lagarias and Odlyzko results
(which use GRH, cf. [LO, Theorem 9.1]):

Z log Np < Z log Np = \/N%—O(N% log N(g 4+ nlog N))
Np<vN Npk<vN

with an effectively computable absolute constant in O. Thus we get:

2+\/§ glogN+n10g N
Ne¢ ]\]'4Jre

A1 (Na 6) S
We can estimate the sum Ay(V, €) as follows:
> logt
N $1+2€ dﬂ-(t)u

where 7(t) is the prime counting function 7(t) = > 1. As before, according
Np<t

to Lagarias and Odlyzko, 7(t) = ;lodg”"w—HS( ), with [0(t)| < a1vt(g+nlogt).
Thus, substituting, we get:

N g/ 1 4 2/5(VN
VN

A2(N7 6) <

dt

t2+25

1ogN ‘/ 1— (14 2¢)logt
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We deduce that

1 log N
AQ(N, E) SW + 2&1(9 + nlogN) Ni"re
> 1 — (14 2¢)logt
+/ al(g—i-nlogt)‘ ( X ) log |dt.
\/N t§+26
For N > 8 we have:
o 1— (14 2¢)logt o 1+ 2¢)logt
/ al(g+nlogt)| ( j ) log 1| dt < / aﬂg%—nlogt)% dt.
\/N t§+26 \/N t§+2€
Integrating by parts, we can find that
> logt log N 1
/ ﬁie dt = : T 2\ Lt
VN t2 2(5 +2¢)Nx (5 +2¢)2N3
and
/°° log?t gt — logZ N log N n
JN tat2e AL 4 2e)Nate (L 4 2e)2Nate (D4 2¢)3Nate

We conclude that the following estimate holds:
nlog? N glog N
: ( Nite | NiFe ) |
Putting everything together, we see that:
1 log N

4 A(N
( ) | ( 7€)| << EONGO + Ni+60

As(N,e) <
2N €) < 2€N€+a

(nlog N + g).

3.2. Archimedean terms. First of all,

/D " Fuu(z)ch (g) dz

(5)

1

log(N+1) 1IN0 _
</ g(N+3 ) g — (N+3)270—1
0 7 — €0

< V/N.

] e
Lo :/ R
0 2Sh(§)

We have for N > 4 :

<2 4
|Ioo,e - IN,E‘ S / _de S =
log N €2 \/N

Let

and
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Now,

as

= F [ (5 )

The second integral

OOl—FNE(I)
JG:/ e
N, o 2ch(%)

can be estimated along the same lines using an integral from [GR, 3.541]:

e 1 € 3 €
[ ame=r(ivs)v(i+3)

Taking into account that 1 (2z) = 1 (¥(z) + ¢ (z + 3)) +log 2, we finally
obtain:

o JN7€:g+log2+¢<i+g)—2/}(%4—6)—1-0(\/%),
IN7€:7+10g4+@/)(%+6) +O(\/LN).

3.3. The sum over the zeroes: the main term. Let us estimate now
the sum ) @(p) over zeroes of (x(s). Let p = 5 + it be a zero of the zeta
P

function of K on the critical line. Put y = log(N + 3). We have

4 . y ' y '
¢(p) — / e—cleltite g, / p—etit)z g + / p(—e—it)x dz,
-y 0 0

SO

2
€2 + 2

o(p) = (e + e Y (—ecos(ty) + tsin(ty))).
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We divide the sum over p into three parts:

€
SI(E) - Z €2+t2;

p=1+it
cos(ty)
S
Q(yv 6) 12 62 +t27
P:§+it
t sin(ty)
S Y = )
S(y 6) 21: 62 +t2
P:§+Zt

so that
S 6(p) = 251 (€) — 2ee VS (y, €) + 26V Sy (y. €).
P

Let us relate the sum S (€) to Zx(s), the logarithmic derivative of (x(s).
Stark’s formula (cf. [Sta, (9)]) gives us the following:

1 1 1 n 1 S
7 = —+g-Tlogm+ v (2) —log 2)+ Zi(s),
" ;S—p so1 s T glosm g Y (g Hra(vis) Tlog )+ Zk(s)
where as before (s) = % Specializing at s = 1 + ¢, we obtain:
€ 1 1 n
(8) Z 62+t2:€_l+€+l+g—§logﬂ—r210g2
p=13+it 2 2

(1)) m (1)

We note that the archimedean factors from the Stark formula and from
the initial Weil explicit formula cancel each other. We are left to prove that
Sa(y, €) and S3(y, €) are sufficiently small.

3.4. The sum over the zeroes: the remainder term. To estimate

oy, ) = Z cos(ty)

— 2+ 12
p=5+it

we take the absolute values of all the terms in the sum so that

(9) Smal< Y <} n(j)

2 4 42 2 — %)
p=1+it € + ¢ p=75+it &+ (t—lel)

where n(j) is the number of zeroes with |t — j| < 1. A standard estimate
from [LO, Lemma 5.4] yields n(j) < g + nlog(j + 2), thus

le1]+1 .
+ nlog(ler| + 2 lo
|Sg(y,e)|<<g gg| 1 )—i-g—i-nz i,+g+nlog(|61|+2
€ o ler| +2 —

< (g +nlog*(|e| +2)) (1 + 12) .
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Let us finally estimate

— e+ t?
P:§+it
We have
sin ty €% sin(ty)
Sa(y, ) = Y — > iz gy = AW) = Bly,e).
— — e+ 1)
p=§+zt p=§+zt

The series for the formal derivative of B(y,€) with respect to y is given

by
2

e* cos(ty)
12, €2+t
p=5+zt
Using the estimates for Sy(y,€) we deduce that on any compact subset
of [0, +00) this series is absolutely and uniformly convergent to B’(y), and

we have |B'(y,€)| < |e[*(g + nlog?(|ei| + 2)) (1 + e%) . Thus we see that
0
B < vleP(g +nlogh(lal +2)) (1+ ) , since B0,6) = 0

3.5. The sum over the zeroes: the difficult part. We are left to esti-
mate the term A(y).
Let us recall a particular case of Weil explicit formula which is due to
Landau (cf. [Lan71]):
x’ 71 o 1
(10) —:x—\I/(x)—rloga:—b—Elog(l—x ) —rolog(l —a™),

o P

where U(z) = > logNp, b is the constant term of the expansion of Zx(s)
Npk<z

at 0, 7 =r; + 1, — 1 and z is not a prime power. This formula is stated in

[Lan71] for z > %, however, applying theorem 5 to the function

elW/2 if |y < logx,
F; Yy) = .
0 if |y| > log z,

one can see that it is valid for any x > 1. We also note that by an effec-
tive version of the prime ideals theorem ([LO, Theorem 9.1]) we have the
following estimate:

(11) U(z)—xz=0 <x% log z(g + nlogw)) :
Now, we introduce
P p
Cla)=Y ", D(x)=3 " and E(z) = D(x) — C(x).
;P p#% P32

From (10) and (11) we see that C'(z) is an integrable function on compact
subsets of (1, +00) . Using the arguments similar to those from the previous
subsection we can deduce that the series for F(z) is absolutely and uniformly
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convergent on compact subsets of [1,4+00) and thus F(z) is a continuous
function on this interval. From this we conclude that the series for D(x) is
also convergent to a locally integrable function.

If we put © = e, we get

y sin(ty)
Re D(e¥) = ez Z —
P
which is equal to e%A(y) up to a term corresponding to a possible zero of
(k(s) at p =3
Since the series for C'(x) is not uniformly convergent, we will have to
work with distributions defined by C(x), D(x) and E(z). See [Sch] for the
basic notions and results used here. From the fact that a convergent series of
distributions can be differentiated term by term we deduce that the following
equality holds:
d E( ) C(x)
dr x  2/ad
We apply (10) to the right hand side of this formula and integrate from
1+ 6 to x (here 6 > 0). The obtained equality will be valid in the sense
of distributions, thus almost everywhere for the corresponding locally inte-
grable functions defining these distributions. Since E(x) is continuous, we
see that the resulting identity

Elx) :E(1+6)+/x i()dt—r/m logt 4

NG 45 23 115 2t3

T b T log(l—t T log (1 —t 1
_/ _3dt_r_1/ Lﬂdt_m/ log(1—17)
146 2t2 2 Jiys 2tz 146 2t2

actually holds pointwise on [1 + §,+00). We use (11) to estimate t — W(t).
It is easily seen that all the integrals converge when 6 — 0. From [LanT1,
10.RH] it follows that b <« g +n.

) Z + t2’

psﬁQ p— Lt 4

BEQ) =

the first sum being zero as the term in p and 1 — p cancel each other. An
estimate for the last sum can be made using (9). This gives |E(1)| < g+ n.
Putting it all together we see that |F(z)| < /xlog®z(g + nlogz). The
estimate |C(z)| < /Zlog®x(n + g) can be obtained directly using (11).
Thus, we conclude that |A(y)] < y?(g + ny).

Finally, combining all together we get:

4 log” N
Zgb ) = 254( +O(M(g+nlog]v)og )
€5 Neo

This estimate together with (4), (5), (6) and (8) completes the proof of
the theorem. 0
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Remark 3. Using our theorem we can derive the basic inequality from

[TV02]. Indeed, we apply the formula (8) to express Zx (% + 6) via the

series 12 = Plus some archimedean terms. For a real positive € < %
:§+it

the latter sum is non-negative, thus we see that

21(1—%6"1+510gﬂ+7’210g2—é¢ (Z_l—i_i) — o) <§+e)

+e€
g<n 9*

<g+0 ((g—l—nlogN)l gNN) +0 (W) .

Now, we divide by ¢ and first let ¢ — oo (varying K), after that we let
N — oo and finally we take the limit when ¢ — 0. Taking into account
that @D(%) = —v —2log?2 and @D(zll) = —% — v — 3log 2, we obtain the basic
inequality from [Tsf92]:

1
Zq: _i%o_g‘j + ¢r <1og(2\/%) + % - %) + ¢c (log(8m) +7) < 1.

Remark 4. The choice of the test function Fy (x) in the explicit formula
is not accidental. Indeed, the resulting formulas ”approximate” the Stark
formula (7) when N — oc.

4. PROOF OF THEOREM 3 AND OF THE COROLLARIES

We will carry out the proofs in the function field case, the calculations in
the number field case being exactly the same.

Proof of the corollary 1: Assume first that e # % + 12;;];7 k € Z. We note
that

> f¢rf 1 1
/A
; rGraf _q + gjlogr Ki\2 e

° ¢rf
f(brf +§ :
+ef_1 ,r(-‘re)f_l
:N :
N
1 10, s 1 1
— T | = .
5 |22 7r 1 T Togr 28 (2“)‘

Given § > 0 we choose an integer N such that the first sum is less than ¢

(this is possible due to the basic inequality) and such that —+ <1 + %) < 0.

Now, taking ¢ sufficiently large, and using theorem 1 as well as the conver-

gence of q;%f to ¢,r, we conclude that the whole sum is < 0. Thus, we deduce
J
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that

Zr, (% 1
(12) i 25379 _ Zik,) (— + e> .

Jj—oo gj 2

Now, the corollary immediately follows from theorem 1 and (12). Though

we initially assumed that e ## % + 2”';“' , the statement still holds for e = % +

i log
igﬁ as all the function are continuous (and even analytic) for Ree > 0. O

Remark 5. The formula (12) no longer holds when € = 0 as can be seen from
the fact that Zx (%) = gk — 1. In fact, the identity holds if and only if our
family is asymptotically optimal. Whether it holds or not for the logarithm
of (kx(s) and not for its derivative seems to be very difficult to say at the
moment. Even for quadratic fields this question is far from being obvious.
It is known that in the number field case there exists a sequence (d;) in N
of density at least % such that

lo L (L
g 08 (@) _
i—00 log d;

(cf. [IS]). The techniques of the evaluation of mollified moments of Dirichlet
L- functions used in that paper is rather involved. In general one can prove
an upper bound for the limit (cf. [Zyk]). This is analogous to the ”easy”
inequality in the classical Brauer—Siegel theorem.

The interest of the question about the behaviour of log Zx (%) can be in
particular explained by its connection to the behaviour of the order of the
Shafarevich-Tate group and the regulator of constant supersingular ellip-
tic curves over function fields, the connection being provided by the Birch
and Swinnerton-Dyer conjecture. In general, a similar question can be
asked about the behaviour of these invariants in arbitrary families of elliptic
curves. Some discussion on the problem is given in [KT] (beware, however,
that the proof of the main result there can not be seen as a correct one as
the change of limits, which is a key point, is not justified).

Proof of theorem 3: It follows from the basic inequality that the series defin-
ing log ({x,}(s) converges absolutely for Res > . The function log (.} (s)
has a Dirichlet series expansion with positive coefficients, converging for
Res > % Thus, from a standard theorem on Dirichlet series (cf. [IK,
Lemma 5.56]), it must converge in some open domain Res > % — 0p for
0o > 0, defining an analytic function there. It follows that in the same
domain the series for Zyx,;(s) converges. Taking any § with 0 < ¢ < dp we
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obtain:
Y few 1 1 N T Ca
;rg—l_IOgT i <§> N fg\/;rlr(;_ )f 1 7‘%—1
< i S s PGV g
2 G 1| A
= O(rY)
This gives the necessary result. U

Proof of the corollary 2: We use theorem 3 to obtain the necessary estimate
much in the same spirit as in the proof of theorem 3 itself. Using the function
field Brauer—Siegel theorem to find the value for x, we get:

N f 9] fﬁb L 1 f
r o T2 r
¢7’f log — K e . . log
; rf —1 f%lrg—l f rf—1
= fou | 21 rV
S . . 10g
Pt ry 1 N rN —1

— O(N).0 (Zf) .

N

Indeed, N +— %(r% — 1)log —x— is decreasing for N > 2. The required
estimate follows. O

Remark 6. Actually, our method gives an easy and conceptual proof of the
explicit version of the Brauer—Siegel theorem from [Leb] (which is roughly
speaking the statement of corollary 2 with § = 0). It shows that the rate of
convergence in the Brauer—Siegel theorem essentially depends on how far to
the left the limit zeta function (;x,}(s) is analytic. In the number field case
we even save logZ N in the estimate of the error term compared to what is
proven in [Leb].
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