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Abstract

Let S be a rational fraction and let ' be a polynomial over a finite field. Consider
the transform 7'(f) = numerator(f(S)). In certain cases, the polynomials /', 7'(f),
T(T(f))... areallirreducible. For instance, in odd characteristic, this is the case for the
rational fraction § = (x? 4+ 1)/(2x), known as the R-transform, and for a positive density
of all irreducible polynomials .

We interpret these transforms in terms of isogenies of elliptic curves. Using complex
multiplication theory, we devise algorithms to generate a large number of other rational
fractions S, each of which yields infinite families of irreducible polynomials for a positive
density of starting irreducible polynomials /.

This is joint work with Alp Bassa and Roger Oyono.

1 Iterated presentations

For a rational fraction § € Q(x) and a finite field # where it has good reduction, consider

, :{/e[x]—ﬂé[x]
s fx)— numerat0r<f(5(x)))-

Take for instance Q (x) = (x* + 1)/x and # = F,; we have

and so on; observe that all the polynomials Té(f ) are irreducible. When such is the case, we
say that they induce an iterated presentation of the field

plde=] :G/e[w]

i=0

where d = deg(f), e = deg(S), and £l) denotes the degree-¢ extension of the finite field £.



2 Prior work

Two classical results concern the so-called Q and R-transform:

x?+1 x?+1
0= Rw=ttL
x 2x
Theorem 2.1 (Varshamov 1984, Meyn 1990, Kyuregyan 2002). Ler k /F, be a finite field

and let f € k[x ] be amonic irreducible polynomial with coefficients (a,),_. Assume t(a,,_,) =
tr(a, fay) = 1. Then (Q, ) induces an iterated presentation.

Theorem 2.2 (Cohen 1992). Let k be a finite field of odd characteristic and let | € k[x] be
a monic irreducible polynomial. Assume f'(1)f (—1) is not a square. If |k| = 3 mod 4, assume
furthermore that deg(f) is even. Then (R, f°) induces an iterated presentation.

More recent work:
e Kyuregyan 2003, 2006: exhaustive study of degree-two rational fractions;

o Bassa—Menares 2019, 2023: interpretation via Galois theory of function fields.

3 Exploiting isogenies
Take:
e ¢: &, — & ascparable isogeny over k£ between elliptic curves in Weierstrass form;

e S itsaction on the x-coordinate;

e P apointin &y(k);
e/ the minimal polynomial of its x-coordinate x.

For any point Q € ¢~ !(P), we have x, = S(xg ); since f(8(xg ) = 0, the polynomial 7's(f)
is minimal for x,,, and therefore is irreducible, as soon as it has the expected degree, that is,
[k(xg) : /e(xp)] =dego.

This holds assuming [£(Q ) : #(P)] = deg ¢ and either deg ¢ odd or [£(P) : £(xp)] = 2.

We wish to iterate this.

Theorem 3.1. Let &, Bl &, Bl &, be two separable isogenies of degree £, et £, defined over
a finite field k. Suppose all prime factors of €, divide €. Suppose also that the kernel of their

composition ker(¢, 0 @, ) is cyclic and that all its points are defined over k(P) for some P € &,(k).
Then, for all points Q € (¢, 0 ;)" (P) we have

[k (Q)):k(P)]=t = [k(Q):4(P)]= ¢,

Iterate with ¢, = ¢, an endomorphism. If deg(¢) is prime, ker(¢?) cyclic < ¢ # @.
We look for such ¢ and ignore associated P’s for now.



4  Volcanoes and cycles

We look for a cycle ¢ : & — & in the isogeny graph where no edge is dual to another.
Assuming E ordinary and ¢ prime, the £-isogeny graph is a volcano

The only cycle lies at the rim formed by elliptic curves with maximal endomorphism ring
locally at £. By CM theory, this is the Cayley graph of the subset of ideals of norm ¢ in the
class group of Q().

The easiest construction is when this cycle is trivial: fix a finite field # and a prime ¢; enumer-
ate small discriminants A for which £ splits into principal ideals; compute the corresponding
elliptic curve and isogeny via CM theory.

a]e]s

2|3 | (x2+1)/x?

S| 3| x/(x>+x2+1)
11| 2| x/(x*+1)

Other constructions: prime ideals of order two; principal products of prime ideals; super-
singular case. And my favorite: characteristic zero!

Proposition 4.1 (Silverman 1994). There are three isomorphism classes of elliptic curves over Q
which admit a degree-two endomorphism, namely:

(i) E:y*=x"+x, j=1728,  a=1++v/-1,

[2](x,y)= <01_2 (x + i),cx%y <1 - %))

(i) E:y’=x’+4x"+2x, j=8000, a=+v-2

[ot](x,y):(a_2<x+4+%),a_3y<l—%>);
(i) E:y*=x"—35x+98, ;j=-3375, a=——
[a](x,y):<a2<x—%>,a3y<1+%>>.

Extended to degree three and four by Reitsma 2017.

5 Density of transforms

For each rational fraction § we compute the density of irreducible polynomials /" of degree 4
over the finite field with ¢ elements which induce an iterated presentation. The Chebotarev
theorem can be used to prove the asymptotic density of certain columns.



_x2+1

S - d=2 d=3 d=4 d=5 d=6
g=2 1 0 13 1/3  2/9
g=3 | 2/3 0 5/9 0 15/29
g=s5 | 0 0 0 0 0
g=7 | 821 0 12/49 0  ~025
g=11| 8/55 =012 =~0.13 =0.12 =0.12
g=13|2/13 11/91 ~0.13 =~0.13 =~0.13

s=1FHU iy gos d=4 d=s d=¢
2 x
g=3 | 2/3 0 5/9 0 15/29
g=5 | 3/5 12 13/25 1/2 w050
q=7 4/7 0 25/49 0 ~0.50
q=11 6/11 0 ~ 0.50 0 ~ 0.50
g=13|7/13 1/2 ~050 1/2 ~0.50
g=17 | 9/17 12 ~050 1/2 ~0.50

S:a_2<x+4+%) d=2 d=3 d=4 d=5 d=6

q=3 0 12 0 12 0
g=111] 0 12 0 12 0
q=17 0 0 0 0 0
g=19| 0o 1/2 0 12 0
g=41| 0 0 0 0 0
g=43| 0 12 0

S:a_2<x—M> d=2 d=3 d=4 d=5 d=6

x+a2—2

g=7 1 1 1 1 1
g=11116/55 =026 =~026 =025 =025
q9=23]|=025 =025 ~025 =025 =0.25
g=29 | 8/29 ~025 w025
qg=37 | 026 ~025 =025
g=43 | =025 =025 =~0.25
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