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o clliptic curves

o Jacobian varieties of genus-two curves
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Varieties and Isogenies

Groups with seemingly hardest DLP:

o clliptic curves } all varieties
o Jacobian varieties of genus-two curves ) in this talk
o higher-dimensional abelian varieties? (Diem, Enge, Gaudry, Smith...)

Maps: Weil descent, pairing, isogenies.

Isogenies are morphisms with finite kernel and cokernel.
o Linear-time computation for elliptic curves. (Vélu, 1971)

o Polynomial-time computation for abelian varieties.  (Lubicz—Robert, 2009)
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Some Applications of Isogenies
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o Transport discrete logarithms to weaker varieties. (Galbraith, 1999)J
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Some Applications of Isogenies

Destructive:
o Transport discrete logarithms to weaker varieties. (Galbraith, 1999)J
Constructive:
o Computing class polynomials. (Sutherland, 2009)
o Computing modular polynomials. (Broker—Lauter—Sutherland, 2010)

o Computing isogenies in subexponential time in the field size.
(Jao-Soukharev, 2010)

v

Gaetan BissoN On Polarized Class Groups DLP 2014 3/22



Some Applications of Isogenies

Destructive:
o Transport discrete logarithms to weaker varieties. (Galbraith, 1999)J
Constructive:
o Computing class polynomials. (Sutherland, 2009)
o Computing modular polynomials. (Broker—Lauter—Sutherland, 2010)

o Computing isogenies in subexponential time in the field size.

(Jao-Soukharev, 2010)
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To best exploit isogenies, we need to understand their structure.
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Varieties with Many Endomorphisms

Assume .of = Jac(€) is ordinary, absolutely simple.

Its ring of endomorphisms contains Z as multiplication-by-» maps.
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Z[r, ) C End(.e/) C Of
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Varieties with Many Endomorphisms

Assume .of = Jac(€) is ordinary, absolutely simple.

Its ring of endomorphisms contains Z as multiplication-by-» maps.

OverF 2 it also contains the Frobenius 7. In fact,
Z[r, ) C End(.e/) C Of

where K = Q(77) is a CM-freld of degree 2 dim(./):

a totally imaginary quadratic extension of a real field K,.

Over Q, we say .o/ has CM if Q ® End(.</) is a field of degree 2 dim(.</).
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Isogenies from Endomorphisms

Isogenies can be described in terms of endomorphisms.
Definition (Polarized Class Group of Shimura)

Iy, A(a,2):an=a0}
Ho)= P_Z - {(x0,x%): x €K%}

where a is an invertible fractional ideal of @, and & € K}, is totally positive.

Acts faithfully and transitively as isogenies on the set of
isomorphism classes of abelian varieties with endomorphism ring 0.
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Isogenies from Endomorphisms

Isogenies can be described in terms of endomorphisms.

Definition (Polarized Class Group of Shimura)
1y _ {(e,2):d0=a0}
P, {(x0,x%):x€K*}

where a is an invertible fractional ideal of @, and o € K], is totally positive.

(o)

Acts faithfully and transitively as isogenies on the set of
isomorphism classes of abelian varieties with endomorphism ring 0.

In dimension one K, = Q and € collapses to the classical class group.
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First Problem: CM over Q

Heegner classifies elliptic curves with CM over Q into 13 isomorphism classes.

Application: much control over their reductions to finite fields, e.g. pairings.
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First Problem: CM over

Heegner classifies elliptic curves with CM over Q into 13 isomorphism classes.

Application: much control over their reductions to finite fields, e.g. pairings.

Van Wamelen gives an explicit list of 19 genus-2 curves conjectured to be the only
ones whose Jacobian has CM by a maximal order. He proves CM, not the order.

Problems:

e What are those Jacobians’ actual endomorphism rings?

o Are there other genus-2 curves whose Jacobian has CM?
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Second Problem: Endomorphism Rings over IF y

Computation first considered:
o for elliptic curves (Kohel, 1996)

o in higher dimension (Eisentriger—Lauter, 2005)
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Second Problem: Endomorphism Rings over IF y

Computation first considered:
o for elliptic curves (Kohel, 1996)

o in higher dimension (Eisentriger—Lauter, 2005)

Observing isogenies from .¢f allows one to deduce things on €(End(.¢/)).
For elliptic curves, recover End(.¢/) in subexponential time. (B—Sutherland, 2011)

Application: class polynomial computation and verification.

Problem:
o To what extent is O characterized by €(0) in quartic CM-fields?

Gaetan BissoN On Polarized Class Groups DLP 2014 7/22
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Comparing Class Groups

Let f =[O : 0°]
EO)=15(f)/Po(f)

We have injections for I and P:

/\ /\
\/ \/

With 0°=0nao’. Compare (I50 — 1,)71 P, for 0, 0’
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Dimension One

Imaginary Quadratic Orders
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Classical Class Groups

0, 0’ two orders of K imaginary quadratic; K, = Q.

Let py = {x € I5ng : x O principal ideal of 0},

the set of ideals that split completely in the ring class field Z,;.
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Classical Class Groups

0, 0’ two orders of K imaginary quadratic; K, = Q.

Let py = {x € I5ng : x O principal ideal of 0},
the set of ideals that split completely in the ring class field Z .

By Chebotarev, p, C pg implies Ly C Ly,
thus the class field conductor f(Z,, /K) divides f(L /K ).

1 when K = Q(v/—4) and [0 : 0] =2,

when K = Q(v/=3) and [0 : O] =2 0r 3,

when 2 splits in K and [0y : O] = 2u with # odd,
[O¢ : O] otherwise.

f(Lo/K) =
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Classical Class Groups

0, 0’ two orders of K imaginary quadratic; K, = Q.

Let py = {x € I5ng : x O principal ideal of 0},
the set of ideals that split completely in the ring class field Z .

By Chebotarev, p, C pg implies Ly C Ly,
thus the class field conductor f(Z,, /K) divides f(L /K ).

1 when K = Q(v—4) and [0} : O] =2,
when K = Q(v/—3)and [0 : O] =2 or 3,
when 2 splits in K and [0y : O] = 2u with # odd,

[O¢ : O] otherwise.

f(Lo/K) =

€(0) = €(0’) only when 0 and 0" are identical locally at every p # 2, 3.
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Quadratic Orders From Class Groups
@(0) is a quotient of €(0") only if O has index-1,2, 3, 6 in some order containing 0’
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Dimension Two

Quartic CM Orders
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Types, Norms, and Reflexes

K quartic CM-field; K|, totally real subfield.
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Types, Norms, and Reflexes

K quartic CM-field; K|, totally real subfield.

We need:

o a CM-type ®: complete set of embeddings
K — C up to conjugation

o the type norm

Ny:x €K = [yeco px)€C
o thereflex field K" = Q({INp(x) : x € K'})
o the reflex type ®” = {¢|_K1* :

¢ : K — C extends an element of ®}
o thereflex type norm Ny, : K" — K
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We need:

o a CM-type ®: complete set of embeddings
K — C up to conjugation

o the type norm

Ny:x €K = [yeco px)€C
o thereflex field K" = Q({INp(x) : x € K'})
o the reflex type ®” = {gﬁ'_Klr :

¢ : K — C extends an element of ®}
o thereflex type norm Ny, : K" — K
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The Group S,

For ideals a ¢ K7 coprime to [ Oy : O], we have a morphism

N(Dr : { IKT — Q:(ﬁ)

a — (N (a), NI(r/Q(u))
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The Group S,

For ideals a ¢ K7 coprime to [ Oy : O], we have a morphism

(I, — €0)
N@“{ a — (NQ,(G),NI(r/Q(a))

To what extent does its kernel S, characterize 02
Why S,,? It's what our problems really use:

o CM by O over Q implies S,; = § O by Shimura-Taniyama

e isogenies computable in subexponential time arise through Ny,
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The Group S,

For ideals a ¢ K7 coprime to [ Oy : O], we have a morphism

(I, — €0)
N(Dr'{ a —> (Nq)r(u),NKr/Q(a))

To what extent does its kernel S, characterize 02
Why S,,? It's what our problems really use:

o CM by O over Q implies S,; = § O by Shimura-Taniyama

e isogenies computable in subexponential time arise through Ny,

S is a sublattice of P,;; knowing it is weaker than knowing the full quotient €(0).
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Contribution Overview

We want a necessary condition for S, C Sp/. Let 0° = 0N o’ and ' =[O : 0°].
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Contribution Overview

We want a necessary condition for S, C Sg/. Let 0° = 0N O0'and f = [0 : 0°].

Express the problem on elements rather than ideals:
O all squares of €(0) are in the image of N,
@ weaker hypothesis without the reflex or type norm

@ using the structure of € and some algebra, becomes

ker( (O] f Op)" _)(@’o/f@ko)*
(

- of exponent at most two
O°/fOx) g (G /f@}q,)x>
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Contribution Overview

We want a necessary condition for S, C Sg/. Let 0° = 0N O0'and f = [0 : 0°].

Express the problem on elements rather than ideals:
O all squares of €(0) are in the image of N,
@ weaker hypothesis without the reflex or type norm

@ using the structure of € and some algebra, becomes

ker( (O] f Op)" _)(@’o/f@ko)x
(

- of exponent at most two
O°/fOx) g (G /f@}q,)x>

Bound the size of the local factors of those rings.

Deduce bounds on the indices of 0, 0”.
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Simple Bound

Simple Proposition

For orders 0° C O in a degree-# number field,

. #° _ 7 (@’/f‘ﬁ)>< . A° _ —7
[ﬁ.ﬁ]l;lu 1/p) s‘(@,w)x s[ﬁ.ﬁ]l;[(l 1/p)"
Proof.
0170y |=1@/fON] TO—1/N ()

plf

and there are at most 7 primes p|p.
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Simple Bound

Simple Proposition

For orders 0° C O in a degree-# number field,

<[o:0°]] Ja—1/p)™.

[0: 0 J1-1/p) < ‘ /s oy
plf

) (0°/7 0"

Proof.
0/ 0)

= I(ﬁ/fﬁ)lll_f[(l—l/N(P))
p

and there are at most 7 primes p|p. O

Rings generated by 4 elements = exponent bound gives cardinality bound.
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Explicit Bound in the General Case

Recall 0, = 0 NK,,.

Theorem
IfS,; c Sg and 0 % Z[ ], then M divides 21034,
[0, : &5]

Gaetan BissoN On Polarized Class Groups



Explicit Bound in the General Case

Recall 0, = 0 NK,,.

Theorem

IfS,; c Sg and 0 % Z[ ], then M divides 21034,
(6, : O5]

Notes:

o the [0, : G5 ] factor is really needed

o the exponents are probably suboptimal

o when 0 =Z[{;],a power of 5 is also needed
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The Real Index

Assume Oy = Z[ B] with 37 totally negative in K.

For any integer F let
O = L+F*BL+F*[B*L+F*53°Z;
0'=Z+F*BZ+ FpB*L+F*B°L.
Then O c 0’ and

Oy = T+ F*3*Z;
Ol= 7+ F L.
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For any integer F let

O = L+F*BL+F*[B*L+F*53°Z;
0'=Z+F*BZ+ FpB*L+F*B°L.

Then O c 0’ and

Oy = Z+F2/322;
06: Z+ FﬁzZ.
When F is odd, we have S; = S,/.
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The Real Index

Assume Oy = Z[ B] with 37 totally negative in K.

For any integer F let
O =ZL+F*BL+F*[B*L+F*3°L;
0'=Z+F*BZ+ FpB*L+F*B°L.

Then O c 0’ and
Oy = Z+F2/322;
06: Z+ FﬁzZ.

When F is odd, we have S; = S,/.

0:0°
May g always be that small?
[ﬁo : ﬁ(;) ]
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Explicit Bound in the Maximal Case
We can bound the real index when @’ is maximal.

Let K # Q({5) be a quartic non-biquadratic CM-field
and O be an order stable under complex conjugation.
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Explicit Bound in the Maximal Case
We can bound the real index when @’ is maximal.

Let K # Q({5) be a quartic non-biquadratic CM-field

and O be an order stable under complex conjugation.

Lemma

4 2
We have [ Oy, : O3]* | Ny jo Dy N Oxc - OT

We can show that N /o (Ag /. ) is really needed.
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Explicit Bound in the Maximal Case
We can bound the real index when @’ is maximal.

Let K # Q({5) be a quartic non-biquadratic CM-field

and O be an order stable under complex conjugation.

Lemma

4
We have [ Oy, : O3]* | Ny jo Dy N Oxc - OT }

We can show that N /o (Ag /. ) is really needed.

Theorem

lfSﬁK C Sﬁ, l‘/]en [01( 8 0]2 ‘ 240316NI(0/Q(AK/I(0)’ }
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Application to the First Problem

The 19 Jacobians of Van Wamelen have maximal endomorphism rings.

Theorem J
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Application to the First Problem

Theorem

The 19 Jacobians of Van Wamelen have maximal endomorphism rings.

Theorem
The Jacobians of
y2 =x%—4x® +10x° —6x — 1,
yz = 45 + 40x% — 40%° +20x2 +20x +3

are up to Q-isomorphism the only abelian surfaces over Q with CM by a
non-maximal order in a Van Wamelen or Bouyer—Streng field:

Z+25Z2+ (S + )2 +2872,
Z+(G+38)2+ (5 + )2 +58 2.

Work in progress by Kiliger that no other CM-field is possible.
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Application to the Second Problem

Jac(€)/F , has CM by at least Z[ 7, 7]. Finitely many possible orders.
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Application to the Second Problem

Jac(€)/F , has CM by at least Z[ 7z, 7z]. Finitely many possible orders.

To test End = O, test whether €(End) = €(0) acting as isogenies.

@ generate useful elements of €(0)

@ cfficiently compute corresponding isogenies

@ deduce End from €(End)
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To test End = O, test whether €(End) = €(0) acting as isogenies.
© generate useful elements of €(0)

@ cfficiently compute corresponding isogenies

@ deduce End from ¢(End)

Step 1 and 2 not straightforward; possible through Ng and Ny, .

We reduce their properties to S, so we know @ up to small primes, discriminant.
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Application to the Second Problem

Jac(€)/F , has CM by at least Z[ 7z, 7z]. Finitely many possible orders.
To test End = O, test whether €(End) = €(0) acting as isogenies.

© generate useful elements of €(0)

@ cfficiently compute corresponding isogenies

@ deduce End from ¢(End)
Step 1 and 2 not straightforward; possible through Ng and Ny, .
We reduce their properties to S, so we know @ up to small primes, discriminant.
With “random” Frobeniuses, the density of cases where this is a problem vanishes.

Theorem
Under GRH and heuristics, the endomorphism rings of almost all abelian surfaces

can be computed in time exp ( \/ 121log(g)log(log(q )))
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THE END

http://arxiv.org/abs/1302.3756
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