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Abstract

The classical Brauer-Siegel theorem states that if £ runs through the
sequence of normal extensions of Q such that ni/log|Dk| — 0, then
log hi Ri;/log v/|Dr| — 1. First, in this paper we obtain the generaliza-
tion of the Brauer-Siegel and Tsfasman-Vladut theorems to the case of
almost normal number fields. Second, using the approach of Hajir and
Maire, we construct several new examples concerning the Brauer-Siegel
ratio in asymptotically good towers of number fields. These examples give
smaller values of the Brauer-Siegel ratio than those given by Tsfasman and
Vladut,.

1. Introduction

Let K be an algebraic number field of degree nx = [K : Q] and discriminant
Dy . We define the genus of K as gx = logv/Dg. By hx we denote the class-
number of K, Ri denotes its regulator. We call a sequence {K;} of number
fields a family if K; is non-isomorphic to K for ¢ # j. A family is called a tower
if also K; C K;11 for any 4. For a family of number fields we consider the limit
log hi, Rk,

BS(K) := lim
100 9K;

The classical Brauer-Siegel theorem, proved by Brauer (see [1]), states that for
a family K = {K;} we have BS(K) = 1 if the family satisfies two conditions:

. . nK;, _ A.
(i) T

(ii) either the generalized Riemann hypothesis (GRH) holds, or all the fields
K; are normal over Q.
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We call a number field almost normal if there exists a finite tower of number
fields Q = Ky C Ky C --- C K, = K such that all the extensions K, /K;_; are
normal. Weakening the condition (ii), we prove the following generalization of
the classical Brauer-Siegel theorem to the case of almost normal number fields:

Theorem 1. Let K = {K;} be a family of almost normal number fields for
which ng,/gr, — 0 as i — co. Then we have BS(K) = 1.

It was shown by M. A. Tsfasman and S. G. Vladut, that, taking in account
non-archimedian places, one may generalize the Brauer-Siegel theorem to the
case of extensions where the condition (i) does not hold.

For a prime power q we set

N, (K;) = |{v € P(K) : Norm(v) = g},

where P(Kj;) is the set of non-archimedian places of K;. We also put Ng(K;) =
r1(K;) and N¢(K;) = r2(K;), where r1 and 7o stand for the number of real and
(pairs of) complex embeddings.

We consider the set A = {R,C;2,3,4,5,7,8,9,...} of all prime powers plus
two auxiliary symbols R and C as the set of indices. A family K = {K;} is called
asymptotically exact if and only if for any a € A the following limit exists:

Do = Po(K) := lim M
1—oo K,
We call an asymptotically exact family I asymptotically good (respectively,
bad) if there exists @ € A with ¢, > 0 (respectively, ¢, = 0 for any a € A).
The condition on a family to be asymptotically bad is, in the number field case,
obviously equivalent to the condition (i) in the classical Brauer-Siegel theorem.
For an asymptotically good tower of number fields the following generalization
of the Brauer-Siegel theorem was proved in [11]:

Theorem 2 (Tsfasman-V1idut Theorem, see [11], Theorem 7.3). As-
sume that for an asymptotically good tower IC any of the following conditions is
satisfied:

e GRH holds
e All the fields K; are almost normal over Q.

Then the limit BS(K) = lim % exists and we have:

11— 00 g 7

BS(K) = 1+ ¢,log —
q

q—1

— ¢rlog2 — ¢clog2m, (1)

the sum beeing taken over all prime powers q.

For an asymptotically bad tower of number fields we have ¢g = 0 and
¢c = 0 as well as ¢, = 0 for all prime powers ¢, so the right hand side of the
formula (1) equals to one. We also notice that the condition on a family to be
asymptotically bad is equivalent to lim Zﬁ = 0. So, combining our theorem 1

11— 00 i

with the theorem 2 we get the following corollary:




Corollary 3. For any tower K = {K;}, K1 C Ky C ...
number fields the limit BS(K) exists and we have:

of almost normal

1 ‘R
BS(K) = lim M:1+Z¢qlog L prlog2 — ¢clog2m,
q

el gi qg—1
the sum beeing taken over all prime powers q.

In [11] bounds on the ratio BS(K) were given, together with examples show-
ing that the value of BS(K) may be different from 1. We corrected some of
these erroneous bounds and managed to precise a few of the estimates in the
examples. Also, using the infinite tamely ramified towers, found by Hajir and
Maire (see [3]), we get (under GRH) new examples, both totaly complex and
totally real, with the values of BS(K) smaller than those of totally real and
totally complex examples of [11]. The result is as follows:

Theorem 4. 1. Let k = Q(£), where € is a root of f(x) = a8 + 2% — 42® —
To? — x4+ 1, K = k(\/€5 — 46764 + 994£3 — 3360£2 — 2314 + 961). Then
K is totally complex and has an infinite tamely ramified 2-tower IC, for
which, under GRH, we have:

BSlower < BS(K) < BSuppera
where BSigwer &~ 0.56498 . .., BS;pper &~ 0.59748. . ..

2. Letk = Q(&), where £ is a root of f(x) = x5 —2° —102* +423 +292% 4 32—
13, K = k(\/—2993§5 + 7230&* 4 18937£3 — 3878882 — 32096¢ + 44590).
Then K is totally real and has an infinite tamely ramified 2-tower IC, for
which, under GRH, we have:

BSlower < BS(’C) < BSupperv
where BSjower ~ 0.79144 .., BSypper A~ 0.81209.. ..

However, unconditionally (without GRH), the estimates for totally complex
fields that may be obtained using the methods developed by Tsfasman and
Vl1ddut, lead to slightly worse results, than those already known from [11]. This
is due to a rather large number of prime ideals of small norm in the field K. For
the same reasons the upper bounds for the Brauer-Siegel ratio for other fields
constructed in [3] are too high, though the lower bounds are still good enough.

Finally we present the table (the ameliorated version of the table of [11]),
where all the bounds and estimates are given together:

lower lower upper upper

bound example example bound

all fields 0.5165 0.5649-0.5975  1.0602-1.0798  1.0938

GRH totally real 0.7419  0.7914-0.8121  1.0602-1.0798  1.0938
totally complex | 0.5165 0.5649-0.5975  1.0482-1.0653  1.0764

all fields 0.4087  0.5939-0.6208 1.0602-1.1133  1.1588

Unconditional | totally real 0.6625 0.8009-0.9081  1.0602-1.1133  1.1588
totally complex | 0.4087 0.5939-0.6208 1.0482-1.1026  1.1310




2. Proof of Theorem 1

Let (x(s) be the Dedekind zeta function of the number field K and sk its
residue at s = 1. By wg we denote the number of roots of unity in K, and by
r1, 72 the number of real and complex places of K respectively. We have the
following residue formula (see [4], Chapter VIII, Section 3):

27 (271’)7‘2 hg Ry
n=
WKV DK
Since

Vg /2 < p(wi) = [Q(Cuy) : Q) < [K : Q] = nk,

we note that wx < 2n% so log wk, /g9k; — 0. Thus, it is enough to prove that
log »k; /log D; — 0.
As for the upper bound we have

Theorem 5 (See [5], Theorem 1). Let K be a number field of degree n > 2.

Then,
elog D nt
<[ ——= . 2
S tr=) 2
Moreover, 1/2 < p < 1 and Cx(p) = 0 imply
elog D \"
xx < (1= p) <2nK> : (3)

Using the estimate (2) we get (even without the assumption of almost nor-
mality) the ”easy inequality”:

log »k; n; —

logDKj> -0
1 ’

<1og ¢ + log
2 n;

log Dg; — log Dk,

As for the lower bound the business is much more tricky and we will proceed
to the proof after giving a few preliminary statements.

Let K be a number field other than Q. A real number p is called an ezxcep-
tional zero of (x(s) if Cx(p) =0 and

1—(4log Dg)™" < p < 1;
an exceptional zero p of (i (s) is called its Siegel zero if
1—(16log Di) ' < p< 1.

Our proof will be based on the following fundamental property of Siegel
zeroes proved by Stark:

Theorem 6 (See [10], Lemma 10). Let K be an almost normal number field,
and let p be a Siegel zero of (k(s). Then there exists a quadratic subfield k of
K such that (i (p) = 0.



The next estimate is also due to Stark:

Theorem 7 (See [10], Lemma 4 or [6], Theorem 1). Let K be a number
field and let p be the exceptional zero of Cx(s) if it exists and p = 1—(4log D)~ !
otherwise. Then there is an absolute constant ¢ < 1 (effectively computable) such
that

nK > C(l — p) (4)

Our proof of Theorem 1 will be similar to the proof of the classical Brauer-
Siegel theorem given in [7]. We will use the Brauer-Siegel result for quadratic
fields, a simple proof of which is given in [2]. There are two cases to consider.

1. First, assume that (g, (s) has no Siegel zero. From (4) we deduce that

1 c
>c(l=p)>c|l-(1- = -0
i, >c(l—p)>c ( < 16log D, )) 16log Dk, ©)

2. Second, assume that there exists a Siegel zero p of (, (s). From Theorem 6
we see that there exists a quadratic subfield k; of K such that (x;(p) = 0.
Applying (3) and (4) we obtain:

K, c(l1—p) 16¢
= > = .
K oy Pks = elog Dy 2 %%k e? 10g2 Dy, Phs (6)
(1 - ,0) 4 !

If the number of fields K; for which the second case holds is finite, then,
using the fact that log Dg, — oo, we get the desired lower estimate from (5).

Otherwise, we note that for a number field there exists at most one excep-
tional zero (See [10], Lemma 3), so, applying this statement to the fields k;, we
get that only finitely many of them may be isomorphic to each other and so
Dy; — o0 as j — oo. Thus we may use the Brauer-Siegel result for quadratic
fields:

log 2, < log

— 0.
log Dk, — log Dy,
Finally from (6), we get:
log sk, < 16¢ log log Dy, log s 0
log D, — e?log Dk, log Dk, log D, '
This concludes the proof. O

Remark 8. Our proof of Theorem 1 is explicit and effective if all the fields in the
family I contain no quadratic subfield and thus the corresponding zeta function
does not have Siegel zeroes.



3. Proof of Theorem 4

First we recall briefly some constructions related to class field towers. Let us
fix a prime number ¢. For a finitely generated pro-¢ group G, we let d(G) =
dimp, H'(G,F,) be its generator rank. Let T be a finite set of ideals of a
number field K such that no prime in T is a divisor of £. We denote by Kp the
maximal f-extension of K unramified outside T, Gr = Gal(Kr/K). We let

0 {1, if T # @ and K contains a primitive £th root of unity;
KT =

0, otherwise.

Then we have (see [9], theorems 1 and 5):

Theorem 9. If d(Gr) > 2+ 2\/T1(K) + ro(K) + 0, 1, then Kr is infinite.

To estimate d(Gr) we use the following theorem

Theorem 10 (See [8], section 2). Let K/k be a finite Galois extension,
r1 = ri(k), ro = ro(k), p be the number of real places of k, ramified in K,t
be the number of primes in k, ramified in K. We set 6, = 1, if k contains a
primitive root of degree £ of unity and dp = 0 otherwise. Then we have:

d(Gr) > d(Gg) >t—1r1—ro+p— 0

The number field arithmetic behind the construction of our theorem 4 was
mainly carried out with the help of the computer package PARI. However, we
would like to present our examples in the way suitable for non-computer check.
We give here the proof of the first part of our theorem, as the proof of the second
part is very much similar and may be carried out simply by repeating all the
steps of the proof given here.

The following construction is taken from [3]. We let k& = Q(§), where ¢ is a
root of f(z) = x%+a2* —423 — 722 —x+1. Then k is a field of signature (4,1) and
discriminant dy = dy, = —23-35509. Its ring of integers is O, = Z[¢] and its class
number is equal to 1. The principal ideal of norm 7-13-192-232.29-31 generated
by 7 = —671&° +467&* — 9943 + 336062 4 2314€ — 961 factors into eight different
prime ideals of Oy. In fact, one may see that n = Trm13T197]gT23ThsT29T31,
where

r = —9€° + 661 — 1363 4 447 + 31¢ — 12,
T = —76° + 5¢* — 1163 4 3662 + 23¢ — 9,
T = BEP — A& + 863 — 26£% — 15¢ + 6,
Ty = 5E> — 3EM 4+ 7E3 — 2467 — 20€ + 6,
Tog = —BE® + 4&* — 863 4 262 4 15¢ — 9,
Thy = 667 — 4&% 4 9¢% — 30£2 — 22¢ + 6,
Tog = 1165 — 86 + 1763 — 5662 — 35¢ + 16,
gy = 765 — 5T 41163 — 3662 — 226 + 7.



K = k(\/n) is a totally complex field of degree 12 over Q with the relative
discriminant D /;, equal to (n) as n = B2 + 4, where 3 = € + 4+ € + 1,
v o= —17365 4+ 1126* — 27063 + 815€2 + 576¢ — 237. From this we see that
dr =7-13-19%2.232.29-31-232-355092. From Theorem 10 we deduce that

d(Gg) >t —ri(k) —r2(k)+p—-1=8-4—-1+4-1=6.

The right hand side of the inequality from Theorem 9 is equal to 2 4+ 2v/6 ~
6.8989 < 7, so it is enough to show that d(Gr) > d(Gg), and to do this it is
enough to construct a set of prime ideals T" and an extension of K, ramified
exactly at T.

Let m3 = —6£° 4 46* — 9€3 4 30€2 4 21¢ — 7 be the generator of a prime
ideal of norm 3 in Oy and T be the set consisting of one prime ideal of Ok over
730k. We see that ma3myg = 11€° — 84 4 17¢3 — 56£2 — 35¢ 4 14 = p? + 40, where
p=E&++2 41,0 =26 —8¢* — 14¢% — 28¢2 — 9¢ + 5, s0 k(y/Tamo)/k
is ramified exactly at w3 and m9. But mg already ramifies in K that is why
K(y/m3m19)/K is ramified exactly at 7. Thus we have showed that d(Gr) > 7
and Kr/K is indeed infinite.

To complete our proof we need a few more results.

Theorem 11 (GRH Basic Inequality, see [11], Theorem 3.1). For an
asymptotitically exact family of number fields under GRH one has:
v

1
zq:%/qao_gf—l—gb[g (logQ\/%—i-%-i-g)+¢C(log87r+7)§1, (7)

the sum beeing taken over all prime powers q.

Theorem 12 (See [3], Theorem 1). Let K be a number field of degree n over
Q, such that Kt is infinite and assume that K = Ufil K;. Then
g 2per 108(Nk/ob)

lim 9 < = + .
i—00 T; ng 2nK

For our previously constructed field K the genus is equal to gx =~ 25.3490....
From Theorem 12 we easily see that ¢r = 0 and m < ¢c < %, i.e.,

0.23669 < ¢¢ < 0.22687. The lower bound for BS(K7) is clearly equal to
BSiower = 1 — ¢r log 2 — ¢¢ log(2m) < 0.56498.. ..

Knowing the decomposition in K of small primes of Q, we may now apply the
linear programming approach to get the upper bound for BS(Kr). This is done
using the explicit formula (1) for the Brauer-Siegel ratio along with the basic
inequality (7) and the inequality

> mépm < ér +26c,

m=1
taken as the restrictions. This was done using the PARI package. As the calcu-
lations are rather cumbersome we will give here only the final result: BS,pper =
0.59748 ..., and the bound is attained for ¢7 = ¢g9 = ¢13 = 0.03944..., 19 =
0.01002.... O
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